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ON ISOMETRIES OF CONFORMALLY INVARIANT METRICS
RIKU KLE´N, MATTI VUORINEN, AND XIAOHUI ZHANG
In Memoriam: J. Ferrand, 1918–2014
Abstract. We prove that isometries in a conformally invariant metric of a
general domain are quasiconformal. In the particular case of the punctured
space, we prove that isometries in this metric are Mo¨bius, thus resolving a
conjecture of Ferrand, Martin and Vuorinen [FMV, p. 200] in this particular
case.
1. Introduction
The conformal invariant λ was introduced in [F1] in the general framework of
non-compact Riemannian manifolds. In the elementary case of a domain D in Rn,
n ≥ 2, we can define the function λD(x, y) for x, y ∈ D, x 6= y, as the infimum of
moduli of some curve families
λD(x, y) = inf
Cx,Cy
M(∆(Cx, Cy;D)),
where Cz is any curve in D joining a point z ∈ D and the boundary of D. For
the unit ball Bn, the value of λBn(x, y) can be explicitly expressed in terms of the
hyperbolic distance ρ(x, y) between x and y and the capacity τn of the Teichmu¨ller
condenser as follows [Vu, Thm 8.6]
(1.1) λBn(x, y) =
1
2
τn
Å
sinh2
ρ(x, y)
2
ã
.
It is easy to see that if H is a subdomain of D and x, y ∈ H, we have
λH(x, y) ≤ λD(x, y).
As shown in [F2], for an arbitrary subdomain D of Rn with Card(Rn \D) ≥ 2,
λD(x, y)
1/(1−n) is always a metric. We say that a mapping f : D → f(D) ⊂ H is
λ-Lipschitz if there exists a constant K such that
λD(x, y) ≤ KλH(f(x), f(y))
for all x, y ∈ D. Because (D,λ1/(1−n)D ) is a metric space, this terminology makes
sense. Ferrand, Martin and Vuorinen [FMV] showed that λ-Lipschitz mappings
contain quasiconformal mappings as a proper subclass. They proved, however, that
many important properties of quasiconformal mappings, such as Ho¨lder continuity
in the Euclidean metric and the Schwarz-type lemma, also hold for these more
general mappings. By the Riemann mapping theorem, it is easy to see from the
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formula (1.1) that a λ-isometry is conformal for n = 2 when the domain is simply
connected. For the case n ≥ 3, isometries
f : (Bn, λ1/(1−n)Bn )→ (Bn, λ1/(1−n)Bn )
are also conformal, in fact Mo¨bius transformations. It was conjectured by Ferrand,
Martin, and Vuorinen [FMV] that a λ-isometry is always conformal for general
proper subdomains of Rn.
Unable to settle this conjecture, we will prove that λ-isometries are at least
quasiconformal. We will also prove the conjecture in the special case of punctured
space. Our results are as follows.
Theorem 1.2. Let D and D′ be two proper subdomains of Rn, and let f : D →
f(D) = D′ be a homeomorphism which is an isometry of (D,λD) onto (D,λD′).
Then f is quasiconformal with linear dilatation H(f) ≤ 256.
Theorem 1.3. Let f : Rn \{z0} → Rn be an isometry of (Rn \{z0}, λRn\{z0}) onto
(f(Rn \ {z0}), λf(Rn\{z0})). Then f is a Mo¨bius transformation.
2. Notation and preliminaries
We use the notation Bn(x, r) = {z ∈ Rn : |x−z| < r} for the Euclidean ball, and
its boundary is the sphere Sn−1(x, r) = ∂Bn(x, r). We abbreviate Bn(r) = Bn(0, r),
Bn = Bn(1), Sn−1(r) = Sn−1(0, r) and Sn−1 = Sn−1(1).
We next recall some basic facts from [Vu]. Let Γ be a curve family in Rn, n ≥ 2 ,
and denote its modulus by M(Γ). If E,F,D ⊂ Rn, then ∆(E,F ;D) denotes the
family of all curves joining E to F in D. Set ∆(E,F ) = ∆(E,F ;D) if D = Rn or
Rn. The capacities of the Gro¨tzsch and Teichmu¨ller condensers γn(t), t > 1, and
τn(s), s > 0, respectively, are defined by
γn(t) = M(∆(Bn, [te1,∞])),
and
τn(s) = M(∆([−e1, 0], [se1,∞])),
where e1 = (1, 0, · · · , 0) ∈ Rn. These strictly decreasing functions satisfy the basic
identity [Vu, 5.53]
(2.1) γn(t) = 2
n−1τn(t2 − 1), t > 1.
Next we define some related distortion functions. The function ϕK,n : [0, 1] →
[0, 1], K > 0, is the homeomorphism defined by ϕK,n(0) = 0, ϕK,n(1) = 1 and
(2.2) ϕK,n(r) =
1
γ−1n (Kγn(1/r))
, r ∈ (0, 1).
Let
ψK,n(r) =
√
1− ϕ1/K,n(
√
1− r2 )2.
It follows easily from (2.1) and (2.2) that for t > 0,
(2.3) τ−1n (Kτn(t)) =
1− ϕK,n(1/
√
1 + t )2
ϕK,n(1/
√
1 + t )2
.
For each x ∈ Rn \ {0, e1}, we denote
p(x) = inf M(∆(E,F )),
ON ISOMETRIES OF CONFORMALLY INVARIANT METRICS 3
where the infimum is taken over all pairs of continua E and F with 0, e1 ∈ E and
x,∞ ∈ F . It follows from two spherical symmetrizations with centers 0 and e1,
respectively, that
(2.4) p(x) ≥ τn(min{|x|, |x− e1|}).
For the punctured space Rn \ {0}, it is easy to check that for x, y ∈ Rn \ {0},
(2.5) λRn\{0}(x, y) = min{p(rx(y)), p(ry(x))},
where rz is a similarity map with rz(z) = e1 and rz(0) = 0. The reader is referred
to [AVV, Chapter 15] and [HV] for more details of the function p.
3. Proof of main theorems
Now we turn to the proof of main results.
Lemma 3.1. Let G be a proper subdomain of Rn, let x ∈ G, dG(x) = d(x, ∂G),
Bx = Bn(x, dG(x)), let y ∈ Bx with y 6= x, and let rG(x, y) = |x− y|/dG(x). Then
we have
1
2
τn
Å
rG(x, y)
2
1− rG(x, y)2
ã
≤ λG(x, y) ≤ τn
Å
rG(x, y)
2
ã
.
Proof. The left-hand side of the inequality is well-known, see [AVV, 8.85 (2)(a)].
Next, we prove the right-hand side of the inequality. Let z ∈ ∂G with dG(x) =
|x−z|. By the domain monotonicity, [AVV, 15.11], and conformal invariance of λG
we have
λG(x, y) ≤ λRn\{z}(x, y) = λRn\{0}(x− z, y − z)
≤ τn
Å |x− y|
2 min{|x− z|, |y − z|}
ã
≤ τn
Å
rG(x, y)
2
ã
. 
For convenient reference we record the following lemma from [AVV, 13.27].
Lemma 3.2. For n ≥ 2, 0 < r ≤ 1 and K ≥ 1, we have
21−2K ≤ ψ1/K,n(r)
rK
≤ 1,
and
1 ≤ ψK,n(r)
r1/K
≤ 22−1/K .
3.3. Proof of Theorem 1.2. For given x ∈ D, let 0 < r < dD(x) be sufficiently
small such that |f(x)− f(y)| < dD′(f(x)) whenever |x− y| = r. Then, by Lemma
3.1, we have that
|f(x)− f(y)| ≤ 2τ−1n (λD′(f(x), f(y)))dD′(f(x))
= 2τ−1n (λD(x, y))dD′(f(x))
≤ 2τ−1n
Å
1
2
τn
Å
rD(x, y)
2
1− rD(x, y)2
ãã
dD′(f(x)),
and similarly,
|f(x)− f(y)| ≥
√
τ−1n (2λD′(f(x), f(y)))
1 + τ−1n (2λD′(f(x), f(y)))
dD′(f(x))
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=
√
τ−1n (2λD(x, y))
1 + τ−1n (2λD(x, y))
dD′(f(x))
≥
√
τ−1n (2τn(rD(x, y)/2))
1 + τ−1n (2τn(rD(x, y)/2))
dD′(f(x)).
Using these inequalities we estimate the linear dilation of the λ-isometry.
H(x, f) = lim sup
|x−y|=|x−z|=r
r→0+
|f(x)− f(y)|
|f(x)− f(z)|
≤ lim sup
|x−y|=|x−z|=r
r→0+
2τ−1n
Å
1
2
τn
Å
rD(x, y)
2
1− rD(x, y)2
ãã/√
τ−1n (2τn(rD(x, z)/2))
1 + τ−1n (2τn(rD(x, z)/2))
= lim sup
|x−y|=|x−z|=r
r→0+
2τ−1n
Å
1
2
τn
Å
rD(x, y)
2
1− rD(x, y)2
ãã/»
τ−1n (2τn(rD(x, z)/2))
= lim sup
|x−y|=|x−z|=r
r→0+
2
Ä
1− ϕ1/2,n(
√
1− rD(x, y)2)2
ä
/ϕ1/2,n(
√
1− rD(x, y)2)2√Ä
1− ϕ2,n(
√
2/(rD(x, z) + 2))2
ä¿
ϕ2,n(
√
2/(rD(x, z) + 2))2
= lim sup
|x−y|=|x−z|=r
r→0+
2
Ä
1− ϕ1/2,n(
√
1− rD(x, y)2)2
ä»
1− ϕ2,n(
√
2/(rD(x, z) + 2))2
= lim sup
|x−y|=|x−z|=r
r→0+
2ψ2,n(rD(x, y))
2
ψ1/2,n(
√
rD(x, z)/(rD(x, z) + 2))
= lim sup
|x−y|=|x−z|=r
r→0+
2
Ç
ψ2,n(rD(x, y))√
rD(x, y)
å2Ç
ψ1/2,n(
√
rD(x, z)/(rD(x, z) + 2))
rD(x, z)/(rD(x, z) + 2)
å−1
· rD(x, y)
rD(x, z)/(rD(x, z) + 2)
≤ 2(22−1/2)2(21−2·2)−12 = 256,
where the last inequality follows from Lemma 3.2. This completes the proof. 
For the special case of the punctured space Rn \ {z0}, we next give a better
estimate for the linear dilatation.
Lemma 3.4. Let f : Rn \ {z0} → Rn be a homeomorphism which is an isometry
of (Rn \ {z0}, λRn\{z0}) onto (f(Rn \ {z0}), λf(Rn\{z0})). Then f is quasiconformal
with dilatation H(f) ≤ 4.
Proof. Since a λ-isometry is quasiconformal by Theorem 1.2, the point z0 is the
isolated and removable singularity of f , and we can extend f to Rn. It follows that
f(Rn \ {z0}) is also a punctured space because Rn cannot be mapped quasiconfor-
mally onto a proper subdomain. By pre- and post-composition with Mo¨bius maps
we may assume that z0 = 0 and f(0) = 0 since λ is conformally invariant. Hence
f is a λ-isometry from Rn \ {0} onto Rn \ {0}. It is well known that [AVV, 15.13],
for x, y ∈ Rn \ {0} and x 6= y,
(3.5) τn
Å |x− y|
m(x, y)
ã
≤ λRn\{0}(x, y) ≤ τn
Å |x− y|
2m(x, y)
ã
, m(x, y) = min{|x|, |y|}.
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Then we have
τ−1n (λRn\{0}(x, y))m(x, y) ≤ |x− y| ≤ 2τ−1n (λRn\{0}(x, y))m(x, y),
and
|f(x)− f(y)|
|f(x)− f(z)| ≤
2τ−1n (λRn\{0}(f(x), f(y)))m(f(x), f(y))
τ−1n (λRn\{0}(f(x), f(z)))m(f(x), f(z))
=
2τ−1n (λRn\{0}(x, y))m(f(x), f(y))
τ−1n (λRn\{0}(x, z))m(f(x), f(z))
≤ 2m(f(x), f(y))
m(f(x), f(z))
|x− y|/m(x, y)
|x− z|/(2m(x, z))
=
4m(f(x), f(y))m(x, z)|x− y|
m(f(x), f(z))m(x, y)|x− z| .
Hence
H(x, f) = lim sup
|x−y|=|x−z|=r
r→0
|f(x)− f(y)|
|f(x)− f(z)| ≤ 4. 
Proposition 3.6. Suppose that f : Rn → Rn is a homeomorphism with f(0) = 0
and f is a λRn\{0}-isometry. Then f maps each ball centered at the origin onto a
ball centered at the origin.
Proof. The idea of this proof comes from [TV]. By precomposition with a stretching
and a rotation we may assume that f(e1) = e1 and Bn ⊂ f(Bn). Let F be the family
of all λRn\{0}-isometries f : Rn → Rn with the origin and e1 fixed and Bn ⊂ f(Bn).
Then F is a normal family since by Lemma 3.4 all f are 4-quasiconformal with
two common fixed points (see [V, Corollary 19.3 and Theorem 20.5]). Hence there
exists a mapping g ∈ F such that
mn(g(Bn)) = max{mn(f(Bn)) : f ∈ F},
where mn is the Lebesgue measure. If mn(g(Bn)) > mn(Bn), then Bn ( g(Bn),
and therefore
g(Bn) ( g ◦ g(Bn) and mn(g ◦ g(Bn)) > mn(g(Bn)).
However, it is easy to see that g◦g ∈ F which is a contradiction. Hence we have that
mn(g(Bn)) = mn(Bn), which implies f(Bn) = Bn. This completes the proof. 
Lemma 3.7. Let Sn−1(r) be the sphere with center at the origin and radius r > 1.
Then for all z ∈ Sn−1(r) \ {re1},
λRn\{0}(e1, z) < λRn\{0}(e1, re1).
Proof. It follows from (2.4) that for r > 1,
p(
1
r
e1) ≥ τn(1− 1/r) > τn(r − 1) = p(re1),
which together with (2.5) implies that
λRn\{0}(e1, re1) = min{p(re1), p(1
r
e1)} = p(re1).
On the other hand, we have that
λRn\{0}(e1, z) ≤ p(z) ≤M(∆([0, e1], [z,∞])) < M(∆([0, e1], [re1,∞])) = p(re1),
6 RIKU KLE´N, MATTI VUORINEN, AND XIAOHUI ZHANG
where the strict inequality follows from the polarization, see [D, Theorem 1.1] and
its statement about equality. Combining the above inequalities, we get the desired
inequality. 
Figure 1. The map
f is identical on
(0,∞).
Figure 2. The map
f is identical on the
unit sphere.
3.8. Proof of Theorem 1.3. As in the proof of Lemma 3.4, by pre- and post-
composition with Mo¨bius transformations we may assume that f is an isometry of
(Rn \ {0}, λRn\{0}) onto itself with the two points 0 and e1 fixed.
By the estimate (3.5), we choose a constant M > 0 such that the metric ball
Bλ(e1,M) = {x ∈ Rn : λRn\{0}(e1, x) > M} is simply connected and Bλ(e1,M) ⊂
H+ = {(x1, · · · , xn) : x1 > 0}. Set u0 = e1; for k = 0, 1, 2, · · · , set u−(k+1) =
∂Bλ(u−k,M)∩ (0, u−k) and uk+1 = ∂Bλ(uk,M)∩ (uk,∞), see Figure 1. It is easy
to see that
∞⋃
k=−∞
[uk, uk+1] = (0,∞) = {x ∈ Rn : x = te1, t > 0}.
By Lemma 3.7, we see that ∂Bλ(e1,M)∩Sn−1(|u1|) = {u1}. Additionally, since
the ball Bλ(e1,M) is symmetric with respect to the unit sphere, we also have that
∂Bλ(e1,M) ∩ Sn−1(|u−1|) = {u−1}. Since the mapping f is a λ-isometry and
preserves the point e1, it follows from Proposition 3.6 that f maps the point u1
possibly to itself or to the point u−1. By precomposition with the inversion with
respect to the unit sphere, we may assume that f(u1) = u1. Hence, under this
assumption we also get f(u−1) = u−1.
We are going to prove by induction that f is the identity map on the ray (0,∞).
First, we prove that the restriction of f on the interval [u−1, u1] is the identity
map. The same argument as above applied to smaller metric balls Bλ(e1,K) with
K > M yields that for every x ∈ (u−1, u1), the image of x under f is possibly itself
or its symmetric point with respect to the unit sphere. The latter case actually
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cannot happen since f is a homeomorphism of [u−1, u1] with two endpoints fixed.
Therefore, we see that f is the identity on the interval [u−1, u1] as desired. Next,
suppose that the restriction of f on the interval [uk−1, uk+1] is the identity map
for some integer k. Since λRn\{0} is invariant under stretching, by considering
the metric balls Bλ(uk−1,K) and Bλ(uk+1,K) for K ≥ M we see that the same
argument as in the interval [u−1, u1] applied to the interval [uk−2, uk] and to the
interval [uk, uk+2] yields that the restriction of f on the intervals [uk−2, uk] and
[uk, uk+2] is the identity. Hence it follows from the induction that f is the identity
map on the whole ray (0,∞).
Next we prove that after composing with some Mo¨bius transformations, f is
also the identity map on the unit sphere Sn−1. Since the metric ball Bλ(e1,M)
is symmetric with respect to the unit sphere and also symmetric under the rota-
tions in the ray (0,∞), considering the simply connectedness of Bλ(e1,M) we see
that ∂Bλ(e1,M) ∩ Sn−1 is a circle centered at (0,∞) which is in the plane per-
pendicular to (0,∞). We denote this circle by C(e1,M) = ∂Bλ(e1,M) ∩ Sn−1,
see Figure 2. Choose arbitrarily a point v ∈ C(e1,M). We may assume that
f(v) = v by composition a rotation in the ray (0,∞) since f(C(e1,M)) = C(e1,M).
Let C(v,M) = ∂Bλ(v,M) ∩ Sn−1 and C(v,M) ∩ C(e1,M) = {w1, w2}. Then
f({w1, w2}) = {w1, w2} since we also have f(C(v,M)) = C(v,M). We may as-
sume that f(w1) = w1 after composing the reflection with respect to the plane
determined by the rays (0,∞) and {x ∈ Rn : x = tv, t > 0}. Under this assump-
tion we also have f(w2) = w2. Similarly to the argument on the interval [u−1, u1],
considering smaller balls Bλ(e1,K) for K ≥ M we see that f is the identity map
on the circular arc w˘1w2 = C(v,M) ∩ Bλ(e1,M). The same argument yields that
f is the identity map on the circular arcs C(v,K) ∩ Bλ(e1,M) for all K > M ,
and hence on the area in the unit sphere enclosed by the two circles C(v,M) and
C(e1,M). Repeat above argument by considering the metric balls centered at e1
and w1, Bλ(e1,K) and Bλ(w1,K), for all K ≥ M . Note that we already have
f(v) = v. We obtain that f is also the identity map in the area in the unit sphere
enclosed by the two circles C(w1,M) and C(e1,M). Applying the same argument
by finite times, we see that f is the identity map on the whole unit sphere.
Now, for an arbitrary point x ∈ Sn−1, f(x) = x. Note that we already have
that f is the identity map on (0,∞). The same argument as in the case of (0,∞)
yields that f is the identity map on the ray through the point x emanating from
the origin. Hence f is the identity map of the punctured space Rn \ {0}.
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